We investigate the strongly interacting hard-core anyon gases in a one dimensional harmonic potential at finite temperature by extending thermal Bose-Fermi mapping method to thermal anyonferimon mapping method. With thermal anyon-fermion mapping method we obtain the reduced onebody density matrix and therefore the momentum distribution for different statistical parameters and temperatures. At low temperature hard-core anyon gases exhibit the similar properties as those of ground state, which interpolate between Bose-like and Fermi-like continuously with the evolution of statistical properties. At high temperature hard-core anyon gases of different statistical properties display the same reduced one-body density matrix and momentum distribution as those of spinpolarized fermions. The Tan's contact of hard-core anyon gas at finite temperature is also evaluated, which take the simple relation with that of Tonks-Girardeau gas C b as C = 1 2
I. INTRODUCTION
Basing on the symmetry under exchange satisfied by identical particles, quantum particles might be bosons or fermions. In one and two dimension there exists anyons [1] satisfying fractional statistics that interpolate between bosons and fermions continuously [2] . Fractional statistics not only play important roles but also become an important concept in condensed matter physics [2] [3] [4] [5] [6] [7] . For the topological protection of quantum coherence of quantum system of fractional statistics [8, 9] and the potential application in quantum information science, search and realization of quantum system satisfying fractional statistics have become more and more important [8, 10] . For the high controllability and tunability quantum gas is a key candidate of creating anyons. Besides the rotated Bose-Einstein condensates [11] , cold atoms in optical lattices have become the popular platform [12, 13] . The critical idea is the manipulation of transition rate as atom tunnel between lattice sites. It has been proposed that the one-dimensional (1D ) anyon gas can be prepared with the Raman-assisted hopping [14, 15] or the lattice-shaking-induced tunneling [16] .
The 1D quantum gas [17] can be realized by confining cold atoms in highly anisotropic trap and in optical lattices [18] [19] [20] . Both the arrays of 1D quantum gases and a single 1D quantum gas of strong interaction can be performed experimentally [21] . The latter allow us to study the temperature dependent properties [22] and the interplay effect between interaction and temperature. Since the realization of 1D quantum gases, those previous "toy models" in textbooks help us understand important physics by parameter-free comparison of theoretical prediction with measurement. With the Feshbach resonance technique and confinement-induced resonance technique we can realize the 1D quantum gas in the full * Electronic address: haoyj@ustb.edu.cn interacting regime from weak to infinite strong interaction [15, 19, 20, 23] . The Feshbach resonance technique can also be utilized to tune the interaction strength of 1D anyon gas [15] .
Theoretically although 1D anyon gas originated in condensed matter physics [24, 25] , it is found that 1D Bose gas with double δ function interaction is equivalent to the δ-anyon gas [26, 27] . The δ-anyon gas attracted many theoretical interests in its ground state properties including the exact solution [26] [27] [28] , correlation function [29] [30] [31] , entanglement properties [32, 33] , momentum distribution and the reduced one-body density matrix (ROBDM) [32, [34] [35] [36] [37] [38] . In addition relaxation dynamics [39] and quantum walks [40] were paid attentions to. It has been shown that the properties dependent on wavefunction rather than its modulus exhibit behaviours dependent statistical properties. For example, ROBDM become complex rather than real and momentum distributions become asymmetric rather than symmetric for anyon gases [32, [34] [35] [36] [37] [38] 41] . So far much investigations focus on anyon gas at zero temperature, and the temperature effect was not received much attentions and only the formal solutions of hard-core anyons at finite temperature were obtained [29, 30] although in experiments temperature is an important variable. In thermodynamic limit the solution of homogeneous anyon gas can also be evaluated with Bethe ansatz.
In the present paper we will follow the procedure in Ref. [42] and [43] to formulate the ROBDM of hard-core anyon gas at finite temperature with the determinant of one-body density matrix of spin-polarized fermions. For the first time we obtain its momentum distribution at finite temperature and extract temperature and statistical property dependence of the high-momentum tail. The Tan's contact coefficients will also be evaluated for different temperature and statistical properties. In the strong interaction regime the universal property is an important issue and several groups have investigated strongly interacting fermions [44] [45] [46] . It was shown that the momentum distribution of Fermi gas has a tail falling off like k [47] [48] [49] and other properties including thermodynamics are also related the coefficient of the tail [50] [51] [52] . The power-law decay of 1D Bose gas also satisfy k −4 at large momentum [43, 54, 55] and the contact coefficient has been evaluated. The present work will focus on the contact coefficient of 1D hard-core anyon gas whose momentum distribution is asymmetric about zero momentum.
The paper is organized as follows. In Sec. II, we briefly review the method to obtain the ROBDM of 1D hardcore anyon gas. In Sec. III, we present the ROBDM and momentum distributions. The Tan's contact for different statistical parameters at finite temperature is investigated in Sec. IV. The summary is given in Sec. V.
II. MODEL AND METHOD
We consider N anyons of mass m with the infinite repulsive contact interaction trapped in a harmonic potential
In the infinitely strong repulsion limit the many body wavefunction ψ A (x 1 , x 2 , ..., x N ) satisfies the eigen equation
with
i and the constraint condition
Since the constraint condition can be satisfied by the wavefunction of spin-polarized fermions, all eigen wavefunctions ψ A (x 1 , x 2 , ..., x N ) of eigen equation Eq.(2) of anyons can be obtained with the wavefunction of spin-polarized fermions ψ F (x 1 , x 2 , ..., x N ) with the anyon-fermion mapping method [27] 
Here the anyonic mapping function is formulated as (5) with 0 ≤ χ ≤ 1 being the statistical parameter. 1 corresponds to the hard-core bosons and 0 corresponds to noninteracting fermions. The sign function (x) gives −1, 0, and 1 depending on whether x is negative, zero, or positive.
The wavefunction of N polarized fermions ψ F (x 1 , x 2 , · · · , x N ) can be constructed by the oneparticle wavefunction as
Here φ νj (x) is the ν j th eigen wavefunction of one particle in a harmonic trap
ing Hermite polynomial. a 0 = h/mω is the characteristic length of harmonic oscillator.
The eigen wavefunctions correspond to one of the sets α = {ν 1 , ν 2 , ..., ν N }, where ν j (j = 1, · · · , N ) are unequal positive integers. With the sets α all ground state and excited states satisfying the eigen equation Hψ
At finite temperature T the ROBDM of hard-core anyon gas in the grand-canonical ensemble is
The thermal distribution function reads
Inserting the eigen functions of anyons Eq. (4) into the above integral and for each variable rewriting the integral
Following the procedure in Ref. [42] and [43] , the ROBDM can be reformulated in terms of the fermionic j-body density matrix
where the fermionic j-body density matrix
with the fermionic one body density matrix
. Utilizing the properties of determinant the multiple integral in above formula can be reduced into the product of single-variable integral and the ROBDM of anyons will be reformulated as
where
is density distribution of anyons, which is independent on the statistical parameter. In the Bose limit χ = 1.0, the above formula reduces to the same result as that in Ref. [43] . The momentum distribution of anyons can be obtained by the Fourier transform of ROBDM
In the following sections we will display the temperature effect on the ROBDM and momentum distribution of 1D hard-core anyons. For simplification the natural unit will be used and the present notation will be preserved.
III. ROBDM AND MOMENTUM DISTRIBUTION OF ANYON GAS AT FINITE TEMPERATURE
In this section, we evaluate the ROBDM and momentum distribution of 1D strongly interacting anyon gases of N anyons in a harmonic trap for different statistical properties at finite temperature.
In Fig. 1 we display the diagonal part of ROBDM, i.e., the density distributions ρ(x), of hard-core anyon gases with N = 5. According to Eq. (5), the density distributions are not related to the statistical properties. It is shown that at low temperature (T = 0.1) the temperature effect is not displayed, and the density profile show the same shell structure of N peaks as ground state density profiles, which are also same as those of Tonks gas and spin-polarized Fermi gas at zero temperature. With the increase of temperature the shell structure disappears and the anyons still stay in the central region of the harmonic trap with large probability (T =0.5 and 1.0). At high temperature (T =5.0 and 10.0) anyons occupy in wider region because the higher kinetic energy increase the probability that anyons distribute in the region of high potential energy. The high temperature also induce the population in the high energy levels of single particle such that the density profiles behave similar to the Gaussian distribution. It has been shown that the ROBDM of ground states of anyons is complex rather than real [35, 36, 38, 41] . The ROBDM of hard-core anyon gas of N = 5 with statistical parameter χ = 0.75 are displayed in Fig. 2 at finite temperature. The ROBDM are still complex and we display the real part (left column) and imaginary part (right column), respectively. The real part are symmetric matrix, while the imaginary part are antisymmetric, which will result in the asymmetric momentum distribution. At low temperature, the real part are diagonal dominant but the off-diagonal matrix elements are not negligibly small, which embody the long-range order of anyon gases of χ = 0.75. With the increase of temperature, not only the off-diagonal matrix elements of real part become negligible but also the full imaginary part approximate to zero. At high temperature the ROBDM of anyon gases exhibit the same properties as those of Tonks gas and spin-polarized fermions [53] .
We displayed the momentum distribution of hard-core anyon gas of N = 5 at finite temperature in Fig. 3 . It is shown that momentum distributions are asymmetric about the zero momentum at finite temperature except those in the Bose limit (χ = 1.0) and Fermi limit (χ = 0.0). At low temperature (T =0.1) Bosons exhibit single sharp peak momentum profile and distribute in the zero momentum region with great probability, while Fermions display shell structure of N peaks. With the decrease of statistical parameter, the peak of momentum distributions of anyons shift away from zero momentum and then shift back in the Fermi limit. This is same as the case of ground state at zero temperature. As temperature increases (T =0.5 and 1.0), the oscillation of momentum profiles become weak and anyons exhibit smooth momentum distribution even in the Fermi limit. At the same time, anyons distribute in high momentum regions with larger probability and the peak height of momentum profiles decrease. Another temperature effect on momentum distribution is that the asymmetry become obscure, which is exhibited at high temperature (T =10.0). In this situation it is hard to distinguish the statistical properties of anyons by the momentum profile and anyons with different statistical parameters behave similar momentum distributions.
IV. TAN'S CONTACT OF HARD CORE ANYON GAS AT FINITE TEMPERATURE
The momentum distribution of 1D Bose gas decays as the power-law Ck −4 at large momentum [54, 55] and the temperature dependence of Tan's contact C was shown in Ref. [43] . It is interesting to investigate the temperature and statistical properties dependence of the universal power-law of hard-core anyon gas at high momenta.
Following the procedure in Ref. [43] , the highmomentum tails are related to the short-distance behaviour of one body density matrix and the main contribution comes from the j = 1 term. Expanding ρ 1A (x, y) at R = (x + y)/2 and retaining the lower-order term of |x − y|, we have
Using the asymptotic expansion of Fourier transformations in the limit of large k [56] 
we find that the momentum distribution of 1D hard-core anyon gas decay as Ck −4 in the limit of k → ∞ with the Tan's contact
Compared with the Tan's contact of 1D Bose gas C b , that of 1D hard-core anyon gas is C = plotted in Fig. 4 , which are evaluated numerically by Eq. (11) and Eq. (13) . As comparisons, the analytical result Ck −4 with C being determined by Eq. (15) , are also plotted in dotted lines for different statistical parameters. It is shown that numerical result match well with the analytical results for all statistical parameters at finite temperatures. The momentum distribution of anyons decays as a power-law Ck −4 at high momenta at finite temperature.
An interesting question is the asymmetry of momentum distribution of hard-core anyon gases. It has been shown that anyons exhibit different behaviours for positive momentum and negative momentum. Then the power-law behaviours dependence on the signature of momentum is worth to be investigated. The analytical evaluation manifest that the high momentum tail exhibit the same power-law behaviour for positive momentum and negative momentum although they are different for small momenta. In Fig. 5 we plot the positive high momentum tail and negative high momentum tail of hardcore anyon gas with χ = 0.75 at temperature T =0.1 and andhω/kB, respectively.
5.0. It turns out that they match well with each other and match with analytical results at high momentum region both at low temperature (T = 0.1) and at high temperature (T = 5.0). The temperature dependence of Tan's contact C of hard-core anyon gases with different statistical properties are plotted in Fig. 6 . In the Fermi limit (χ=0.0) the Tan's contact is equal to zero in the full temperature regime, which is consistent to the Pauli exclusion principle satisfied by spin-polarized fermions whose interaction energy is always zero. As the statistical property deviates from the Fermi limit, the Tan's contact increase with the increasing temperature for hard-core anyon gases. At specific temperature the Tan's contact also increase with the statistical parameter. According to Eq. (15) we have C ∝ 1−cos(χπ) at given temperature. The Tan's contact and therefore the interaction energy of hard-core Bosons has the maximum value.
V. SUMMARY
In conclusion we investigated the 1D hard-core anyon gas confined in a harmonic trap at finite temperature with the thermal anyon-fermion mapping method. The thermal Bose-Fermi mapping method has been used to study the strongly interacting Tonks-Girardeau gas at finite temperature. It has been extended to investigate 1D strongly interacting anyon gas satisfying fractional statistics in the present work. By mapping eigen functions of spin-polarized fermions to eigen functions of hard-core anyons, we obtained the reduced one-body density matrix of hard-core anyons at finite temperature. Therefore the momentum distribution of hard-core anyons of statistical properties can be evaluated for different temperatures.
It was shown that similar to the ground-state properties of 1D hard-core anyons, at finite temperature the anyonic system also exhibit the asymmetric momentum distributions as the statistical properties deviate the Bose limit and Fermi limit. The asymmetry results from the properties of ROBDM, which is complex rather than real for anyon gases. At low temperature, the real part of ROBDM is diagonal dominant but the off-diagonal is not negligibly small, and its imaginary part is antisymmetry about x = y. With the increase of temperature, both the off-diagonal elements of real part and the full imaginary part become small. At high temperature, the imaginary part approx to zero and the ROBDM of hard-core anyon gas exhibit the same properties as that of spin-polarized fermions Correspondingly, at low temperature region momentum distribution of anyon gas in Bose limit display the δ-function-like single peak, and that in Fermi limit display shell structure of N peaks. With the evolution of statistical property, momentum distribution of anyon gas evolve from Bose-like single peak structure into the Fermi-like shell structure, but the peak appears at finite momentum. At high temperature the asymmetry become weak and 1D hard-core anyon gas display almost symmetric momentum profiles. It is hard to distinguish the statistical property of anyon gas basing on the properties of momentum distribution in this case. The momentum distribution of 1D hard-core anyons with different statistical property exhibit the same profiles as that of spin-polarized fermions.
We also obtain the high-momentum tail of 1D hardcore anyon gas at finite temperature. Although the momentum distribution is asymmetric about zero momentum, the power-law decay at high momentum region is same for the positive momentum and negative momentum. This was proved both by the exact numerical calculation and by approximate analytical derivation. In high momentum region the momentum distribution of hard-core anyons decays as the power-law Ck −4 , which is same as that of 1D Bose gas. The Tan's contact depend on the statistical parameter and satisfy the relation C = 1 2 (1 − cosχπ)C b with C b being the Tan's contact of 1D Bose gas.
